METRIC SHAPE OF HYPERSURFACES WITH SMALL EXTRINSIC 

RADIUS OR LARGE Ai 
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Abstract. We determine the Hausdorff limit-set of the Euclidean hypersurfaces 
with large Ai or small extrinsic radius. The result depends on the LP norm of the 
curvature that is assumed to be bounded a priori, with a critical behaviour for p 
equal to the dimension minus 1. 



1. Introduction 

For any A C R™ +1 and any e > 0, we set A £ the tubular neighbourhood of radius e 
of A (A £ = {x G R n+1 /d(A,x) e})- d H (A,B) = inf{e > OA C B £ and B C A £ } is 
called the Hausdorff distance on closed subsets of R n+1 . Let (M™)fc g N be a sequence of 
immersed submanifolds of dimension m in R n+ . We say that it converges weakly to a 
subset Z C R™ +1 in Hausdorff topology if there exists a sequence of subsets A k C M k 
such that d H (A k , Z) and Vol (M k \ A k )/VolM k -> 0. 

Of course, weak Hausdorff convergence does not imply Hausdorff convergence without 
supplementary assumption. Our first aim will be to determine which L p -norm of the 
mean curvature has to be bounded so that weak convergence implies convergence. More 
precisely, we will study the limit-set for the Hausdorff distance of a weakly converging 
sequence of submanifolds with L p norm of the mean curvature uniformly bounded and 
show that it depends essentially on the value of p. As an application, we derive some 
new results on the metric shape of Euclidean hypersurfaces with small extrinsic radius 
or large Ai. 

1.1. Weak Hausdorff convergence vs Hausdorff convergence. In the paper, the 
L p -norms are defined by ||/||p = f M \ f\ p dv. We denote by mi the 1-dimensional 
Hausdorff measure on M n+1 . We denote by B the second fundamental form and H = 
— trB the mean curvature of Euclidean m-submanifolds. 

m 

Our main result says that if Vol MfcHHH™ -1 remain bounded for some p > m — 1 
(resp. for p = m — 1) then weak Hausdorff convergence implies Hausdorff convergence 
(resp. up to a set of bounded 1-dimensional Hausdorff measure). 

Theorem 1.1. Let {M k ) k ^i be a sequence of immersed, compact submanifolds of di- 
mension m which weakly converges to Z C R n+1 . 

// there exist p > m — 1 and A > such that Vol (Mfc)||H||™ -1 ^ A for any k, then 
d H (M k ,Z)^0. 
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There exists a constant C(m) such that if Vol (M fc )||H||™l} = f M |H| m_1 < A for 
any k, then the limit-set of (M k )k&$ for the Hausdorff distance is not empty and any 
limit point is a closed, connected subset Z U T C M n+1 such that m\(T) ^ C(m)A. 

Note that it derives from the proof that in the case p = m — 1, we have m\{T) ;C 
C(m) max e liminf fc f Mk \ Ze |H| m_1 . 

The previous result is rather optimal as shows the following result. 

Theorem 1.2. Let Mi,M 2 > R™ +1 6e too immersed compact submanifolds with the 
same dimension m, M\ffM 2 be their connected sum and T be any closed subset of 
M n+1 such that Mi U T is connected. Then there exists a sequence of immersions 
i k : Mi#M 2 l n+1 such that 

1) i] i {M\f^M'i) weakly converges to M\ and converges to M\ UT in Hausdorff topo- 
logy, 

2) the curvatures of '^(Mi^tJVfjj) satisfy 

HI™" 1 -> / IHI" 1 " 1 + (^— ^) m - 1 VolS m - 1 mi(T), 

m 



/ 

Ji k (Mi 

[ IBI" 1 - 1 ^/ IB]" 1 - 1 +VolS m - 1 m 1 (T), 

A fc (Mi#M 2 ) /Mi 

H| Q -»■ / |H| Q /or any a G [l,m - 1) 
J Ah 

B\ a -> / |B| Q /or any a G [l,m - 1) 
/Mi 



#M 2 ) ./Mi 
fc (Mi#M 2 ) 

j fc (Mi#Af 2 ) ^Mi 



'j fc (Mi#M 2 ) ./Mi 

3; \ p (i k {M x #M 2 )) -> Ap(Afi) /or any p G N, 
^ Vol (i k (M 1 #M 2 )) -»• Vol Mi. 

Conditions 3) and 4) imposed to our sequence of immersions in Theorem 11.21 are 
designed on purpose for our study of almost extremal Euclidean hypersurfaces for the 
Reilly or Hasanis-Koutroufiotis Inequalities. 

Theorem 11.11 proves that for p > m — 1 the Hausdorff limit-set of a weakly convergent 
sequence is reduced to the weak limit. On the contrary, Theorem 11.21 shows that for 
p < m — 1, the Hausdorff limit-point of a weakly convergent sequence can be any 
closed, connected Euclidean subset containing the weak- limit. For the critical exponent 
p = m — 1, the Hausdorff limit-set can contain any Z L)T with mi(T) sj C2(rn)A (by 
Theorem \1.2\i and contains only Z U T with m\(T) sj C\(m)A (by Theorem II. ip . 
Unfortunately, our constants C\{m) and C2(m) are different. We conjecture that is is 
only due to lake of optimality of the constant in Theorem 11.11 

Note that the two previous theorems can be easily extended to the case where M n+1 
is replaced by any fixed Riemannian manifold (N, g) . 

1.2. Application to hypersurfaces with large Ai or small Extrinsic radius. 

Let X: M n — > M n+1 be a closed, connected, immersed Euclidean hypersurface (with 
n ^ 2). We set vm its volume and X := J M Xdv its center of mass. 

The Hasanis-Koutroufiotis inequality is the following lower bound on the extrinsic 
radius ru of M (i.e. the least radius of the Euclidean balls containing M) 

(1.1) r M ]|H|| 2 > 1. 
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This inequality is optimal since we have equality for any Euclidean sphere. Moreover, if 
an immersed hypersurface M satisfies the equality case then M is the Euclidean sphere 
Sm = X + ip^S" - with center X and radius pmj- 

The Reilly inequality is the following upper bound on the first non zero eigenvalue 
Af of M 

(1.2) Af^n||H|||, 

once again we have equality if and only if M is the sphere Sm- 

Our aim is to study the metric shape of the Euclidean hypersurfaces with almost 
extremal extrinsic radius or Ai. 

1.2.1. Almost extremal hypersurfaces weakly converge to Sm- Our first result describes 
some volume and curvature concentration properties of almost extremal hypersurfaces 
that imply weak convergence to Sm- Note that in this result we do not assume any 
bound on the mean curvature. 

We set B x (r) the closed ball with center x and radius r in M n+1 and A n the annulus 
{X G M ra+1 /| ll-X"— X|| — pirj | ^ pr^}- Throughout the paper we shall adopt the nota- 
tion that r(e|n,p, h, ■ ■ ■ ) is a positive function which depends on n,p,h, - ■ ■ and which 
converges to zero as e — > 0. These functions r will always be explicitly computable. 

Theorem 1.3. Any immersed hypersurface M M n+1 with rjvf ||H||2 ^ 1 + £ (or with 
ra ^u 2 ^ 1 + e) satisfies 

(1.3) |||H| - ||H|| 2 || 2 ^ 100^i||H|| 2 , 

(1.4) Vol (M \ A s^) < im^/evM- 
Moreover, for any r > and any x G Sm = X + in^n •'S> n , we have 
(1.5) 

Vol (fUpk) n M) Vol (S,(pk) n Sm) , , Vol [B x (^r-) n S M ) 



v M Vol S M 



^ r(e|n, r)- 



\o\S M 



Note that (|1.5|) implies not only that M goes near any point of the sphere Sm, but 
also that the density of M near each point of Sm converge to wm/VoISm at any scale. 
However, the convergence is not uniform with respect to the scales r. We infer that 
Ar(e\n) H M is Hausdorff close to Sm, which implies weak convergence to Sm of almost 
extremal hypersurfaces. 

Corollary 1.4. For any immersed hypersurface M with r ^ 1 1 H 1 1 2 ^ 1 + e (or 

rtllHIl 2 

with AI ^ 1 + e) there exists a subset A C M such that Vol (M\A) ^ r(e\n)vM an d 
d H (A,S M )^ T -^. 

In the case where M is the boundary of a convex boby in M n+1 with rjvf||H||2 ^ 1 + e 
(or with w ^f 2 ^ 1+e), the previous result implies easily that dn{M, Sm) ^ "p/j]7 ana - 
even d L (M,S M ) < iff" 
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1.3. Hausdorff limit-set of almost extremal hypersurfaces. Corollary 11.41 and 
Theorems 11.11 and 11.21 (applied to Mi = § n and M2 any immersible hypersurface) allow 
a description of the limit-set of almost extremal hypersurfaces under a priori bounds 
on the mean curvature. 

Theorem 1.5. Let M be any hypersurface immersible in M n+1 and T be a closed subset 
o/M n+1 , such that §"UT is connected (resp. and T U S n C Bq{1)). There exists a 
sequence of immersions ji : M M n+1 of M which satisfies 

1} _> Ai(S») (resp. r ji{M) -»■ I), 

2) ||Bj - Id|| p ->■ 1 /or any p £ [2, n — 1), 

5) Vol ji(M) -»• Vol S n , 

^ ji(M) converges to S n U T in pointed Hausdorff distance, 
5) VolS n ||H,||™:J -> C(n)mi(T) + VolS n . 

This result shows that we can expect no control on the topology of almost extremal 
hypersurfaces nor on the metric shape (even on the diameter) of the part M \ A of 
Corollary 11.41 if we do not assume a strong enough upper bound on the curvature. 

On the other hand, Theorem 11.11 implies the following Hausdorff stability result. 

Theorem 1.6. For any immersed hypersurface M » M n+1 with wa/||H||™_ 1 sj A and 

nllHIl 2 

rjif ||H||2 < 1 + £ (or with va/ ||H||™_ 1 ^ A and ^ 2 ^ 1 + e) there exists a subset T of 
1-dimensional Haussdorff measure less than C{n) J M |H| n_1 C(n)A||H|| 2 1 such that 
TuSm is connected and dn(M, Sm U T) ^ T(e\n, i4)||H||j . 

More precisely, for any sequence (-Mfc)fceN of immersed hypersurfaces normalized 
by [ I Hjfc 1 1 2 = 1 and = 0, which satisfies VM k \\Rk\\n—i ^ ^ ana " r M k 1 (or 
VMk\\S-k\\n—l ^ ^ an d Ai (Mfc) ~~ ^ there exists a closed subset T C M n+1 such that 
m\{T) ^ C(n)A, T U S n is connected and a subsequence M^ such that d^(Mfc/,S n U 

r) -»• 0. 

Here also the constant C(n) of this theorem is not the same as in Theorem 11.51 So 
we do not have an exact computation of the Hausdorff limit set in the case p = n — 1 
but we conjecture that it is just a mater of non optimality of the constant C{m) in the 
bound on mi(T) in Theorem ll.il 

Finally, as a direct consequence of Theorem ll.il we get the following result. 

Theorem 1.7. Let 2 ^ n — 1 < p ^ +00. Any immersed hypersurface M <^-> R n+1 

nllHIl 2 

with ujur ||H||p ^ A and r^f ||H||2 < 1 + e (or with i>j^||H||p < A and 112 ^ 1 + e) 
satisfies dn(M, Sm) ^ T (£\ n ,P, ^)||H||2 . 

Theorem 11.71 was already proved in the case p = +00 and under the stronger as- 
sumption (1 + e)Xi ^ H|H||| in [5j, and in the case p = +00 and under the stronger 
assumption rjif||H[|4 < 1+e in [T2]. It is also proved in an unpublished previous version 
of this paper [3j in the case p > n. In all these papers, the Hausdorff convergence is 
obtained by first proving that \\X\\ is almost constant in L? norm and then by applying 
a Moser iteration technique to infer that \\X\\ is almost constant is L°°-norm. However, 
this scheme of proof cannot be applied to get the optimal condition p > n — 1 since 
p = n is the critical exponent for the iteration. In place of a Moser iteration scheme, 
we adapt a technique introduced by P.Topping p3] to control the diameter of M by 
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Note that by Theorem 11.61 in the case uj<f[|H[|p ^ A with p > n — 1, almost ex- 
tremal hypersurfaces for the Reilly inequality are almost extremal hypersurfaces for 
the Hasanis-Koutroufiotis inequality. Actually, in that case, an hypersurface is Haus- 
dorff close to a sphere if and only if it is almost extremal for the Hasanis-Koutroufiotis 
inequality. In [2] , we prove that an hypersurface Hausdorff close to a sphere or almost 
extremal for the Hasanis-Koutroufiotis inequality is not necessarily almost extremal for 
the Reilly inequality, even under the assumption U)w||H||" ?J A, for any p < n. 

The structure of the paper is as follows: in Section [21 we recall some concentration 
properties for the volume and the mean curvature of almost extremal hypersurfaces 
(in particular Inequalities f j 1 . 4 j) and (|1.3|) ) and some estimates on the restrictions to 
hypersurfaces of the homogeneous, harmonic polynomials of R n+1 , proved in [2j. They 
are used in Section to prove Inequality (|1.5p . Theorem 11.11 is proved in Section [H We 
end the paper in section [5] by the proof of Theorem 11.21 

Throughout the paper we adopt the notation that C(n,k,p, ■ ■ • ) is function greater 
than 1 which depends on p, q, n, ■ ■ ■ . It eases the exposition to disregard the explicit 
nature of these functions. The convenience of this notation is that even though C might 
change from line to line in a calculation it still maintains these basic features. 

Acknowledgments: We thank C.Anne and P.Jammes for very fruitful discussions on 
Theorem 11.21 Part of this work was done while E.A was invited at the MSI, ANU 
Canberra, funded by the PICS-CNRS Progress in Geometric Analysis and Applications. 
E.A. thanks P.Delanoe, J.Clutterbuck and J.X. Wang for giving him this opportunity 
and for stimulating discussions on that work. 

2. Some estimates on almost extremal hypersurfaces 

We recall some estimate on almost extremal hypersurfaces proved in [2]. From 
now on, we assume, without loss of generality, that X = 0. We say that M satisfies 
the pinching (P p£ ) when ||H|| P ||X — X\\ 2 ^ 1 + e. Let X T (x) denote the orthogonal 
projection of X(x) on the tangent space T X M. 

Lemma 2.1 Q2J). If {P 2>£ ) holds, then we have \\X T \\ 2 ^ \/3e||^||2 and \\X--^u\\ 2 ^ 

v^ll^lb- 

We set A V = B (^)\B (^). 

Lemma 2.2 ((2J). If{P p , e ) (forp > 2), or rt||H|||/Af sC orr M \\B.\\ 2 s$ 1+e holds 
(with e ^ jipj, then we have \\\\X\\ - pj^|| 2 ^ p^v^; lll H l ~ ||H]| 2 [| 2 < C$e~[|H|| 2 

and Vol (M \ A s^) < C^fevu, where C = 6 x 2?- 2 in the case (P Pt£ ) and C = 100 in 
the other cases. 

We set T-L k {M) the set of functions {i-fy/}, where P is any harmonic, homogeneous 
polynomials of degree k of R n+1 . We also set ij): [0, oo) — > [0,1] a smooth function, which 

■ n , ■ , (1+2 ^) 2 i A -, [(l- 1 ^) 2 (l+ 1 ^ / i) 2 l A + u f 

is outside [- — || H |p 1 , i — || H |p J and 1 on [ s || H jj s / , v ^ R * 2 ' j, and ip the function on 
M defined by ip(x) = 4>(\X X \ 2 ). 
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Lemma 2.3 (|2j). For any hypersurface M M n+1 isometrically immersed with 



H||2 ^ I + s (or 112 $C 1 + e^) and for any P G H (M), we have 



\\\K\\lHpP\\l-\\P\\ln\^CWi\\P\\ln, 

where C = C(n,k). 

If moreover e < j^mm, then we have ||A(<pP) - fj,f M cpP\\ 2 ^ C ^/efi^ M \\ipP\\ 2 . 



3. Proof of Inequality 11.51 

By a homogeneity, we can assume ||H||2 = 1. Let 8 £ (0, 1), i£§" and set V n {s) = 
Vol(B(x,s) n § n ). Let /3(6>,r) > small enough so that (1 + 0/2)V n ((l + 2/3)r) < 
(1 + 6)V n {r) and (1 - 6/2)V n ({l - 2/3)r) > (1 - #)y n (r). Let f x : S n -»■ [0, 1] (resp. 
/2 : S n — ► [0, 1]) be a smooth function such that f\ = 1 on Pc((l + /3)r) n S n (resp. 
/ 2 = 1 on P x ((l - 2/3)r) n S n ) and /1 = outside ^((1 + 2/3)r) n S n (resp. / 2 = 
outside B x ((l - 0)r) n S n ). There exist an integer N(6,r) and a family (Pl)k^N such 
that P* G n k (^ n+1 ) and A = sups»|/< - E^nHI < H/ilM/18- We extend /< to 
\ {0} by = /i(^) . Then we have " 



VolS r ' 



where 



h := 



— / (\<pfif 
VM Jm K 



i2 -^ 2 (Ei« 2 )* 



VM k^N k^N 



i\\2 



and 



VolS" 




fcsCA 



On S n we have |/? - {Ek^N P l) 2 \ < ^(2sup S n + A) < ||/i||j|*0/6 and on M we 
have 



k^N 



„e/6 



Hence h + h ^ ||/i||l»0/3. Now 

yi\2 



^/yE^-E^ 

M J M k ^ N I I k ^ N 

E v 



i\\2 
fcllS" 



+ 



E 



pi pi 

k k' ^ v 



l^k^k%N 



\x\ 



k+k' 



2k / D i\2 



1*1 



IH 



lfc+fc' 



+x;iii H iii fc ii^iis- e 



IH 



VM 



M 



We have <£ 2 |^+F 
From this and Lemma |2, 31 we have 



H|| 2 +fc '| < V 2 (fc + k')2 k+k '+ 2 V^||H||^ +fc ' by assumption on (p. 



k€N 



k<N 



+ E 

^C(n,N) 3 ^ 

and, by Lemma 12,3} we have 
i l|H|||(Atfc — fJ>k' 



IH 



ifc+fc' 



VM 



<p 2 PtPi,dv\ 



M 



E 



IH 



ifc+jfc' 



lfik^k'^N 



VM 



<P 2 HPt'dv 



M 



VM 



M 



V 2 P l k P l k>dv 



|^P|(A(^,)-||H||i^^,)l 



M 



VM 



dv + 



|^(A(^)-||H||i Mfc ^)| 



dv 



M 



VM 



< ||^|| 2 ||A(^,) - ||Hfc^,|| 2 + ||^,|| 2 ||A(^) - ||H||WP»|| 2 
<C(n,iV)^i||H|||||^,|| 2 ||^|| 2 

under the condition e ^ ( 2 c(n,jv) ) 32- Since /ifc — /i*/ ^ n when k ^ k', we get 

£ C(n,JV)W^llaWll2< C ' l, '-* V),y? 









Jm 



hence I 2 ^ C(n,N) 3 y / £ and 

lb/ill! 



IH 
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We infer that if ^ < < 



6C(n,N) 



, then we have 



Mill 



1 



Vol § n 



/2 
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Note that N depends on r and 9 but not on x since 0{n + 1) acts transitively on § n . 
By assumption on f\ and /2, we have 



Vol {B x ((l + p)r - tye)) C\ M C\ A 



^l^/i|l2^(l+o)ll/i" 2 



Vol - /3)r + 2 ^i) f] M 11 A 2 ie 



g + 2flr) V"(r) 

^ (1 + 2 } — vois^ — ^ (1 + 0) VoT^ 

^ll^/2||^(l-?)||/2|||n 



g V"((l-2flr) V"(r) 
^ V 2> VolS™ " 1 J VolS™ 
In the second estimates, we can replace e by e/2 ie as soon as we assume that e ^ 
(mM^,^^,^ Then we have (l-(3)r + < 

r ^ (1 + /3)r — 1 ^ / e and get 

Vol (B x (r) nMni i6^) V n (r) . V n (r ) 



VolS n 



v M Vol S n 

Combined with Lemma f2.2l we get the result with r(e|r, n) = min{#/ 2 16 e sj -?^(#, r, n)}. 

4. Proof of Theorem 11.11 

In this section, we extend the technique developed by P. Topping in p3] to get an 
upper bound of Diam(M) by J M |H| n_1 . 

4.1. Decomposition lemma. We begin by a general result on approximation of Eu- 
clidean submanifolds in Hausdorff distance by the union of a subset of large volume 
and a finite family of geodesic subtrees of total length bounded by f M |H| n_1 . 

Lemma 4.1. Let M m be an Euclidean compact submanifold of R n+1 and A C M 
a closed subset. There exists a constant C(m) and a finite family of geodesic trees 

Ti CM such that AC\Ti^$, du (iU (UjTj), M) ^ C(Vol (M\A)) » and^m^Ti) ^ 

Jm\a l H l 

Proof In [T3], using the Michael-Simon Sobolev inequality as a differential inequa- 
tion on the volume of intrinsic spheres, P. Topping prove the following lemma (slightly 
modified for our purpose). 

Lemma 4.2 (|14j). Suppose that M m is a submanifold smoothly immersed in M n+1 , 
which is complete with respect to the induced metric. Then there exists a constant 
8(m) > such that for any x £ M and R > 0, at least one of the following is true: 

(i) M(x,R) := sup r6(0)Jl] j Bx(r) |Hp-7r > 5 m ^ ; 

(ii) k(x,R) := inf r g(o |fl ] Vol ^ (r) > 6. 

Where B x (r) is the geodesic ball in M for the intrinsic distance. 

In this section, d stands for the intrinsic distance on M. 
If d H (A,M) ^ lO( V°jg^ )£, then we set T = 0. 

Otherwise, there exists xq £ M such that d(A,xo) = dn(A,M) ^ 10( Vo j^ A ) m , 
Let 70 : [0, Iq] — > M \ A be a normal minimizing geodesic from xq to A. For any 
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t G Jo = [0,l - ( V °s(!ri) A )™], w e have B lo{t) (( Y °^ A ) ™ ) C M \ A and by the previous 
lemma, there exists r ,t ^ ( V °j ( -^^ )^ such that r ,< ^ J b (t) (r , t ) |H| m_1 - % 
compactness of 70(^0) an d by Wiener's selection principle, there exists a finite family 
(tj)j£j of elements of Iq such that the balls of the family = (B*y (tj)( r o,tj)) j eJo are 
disjoint and 7(J ) C Uj e j QJ B 70 ( tj )(3r 0itj ). Hence we have 

m-l/i /Vo1M\AnJ-n „ 

- ^°-^~ )m) < ^ E ^ < E / i H r" 

And by assumption on l , we get W( Yo ^ A )m < Z < ^ ieJo J B ^ (t )(rot ) IHI" 1 " 1 . 

If%(AU 7Q ([0,Z Q ]),M) < 10(^j$^)£, wesetr = 7o ([0,/o]). Otherwise, we set Xl 
a point of M\A at maximal distance Zi from .AU70QO, Iq\) and 71 the corresponding min- 
imal geodesic. We set I\ = [2( Vo j/^y Zi — 2( Vo ^^^ )~]. Once again, by the Wiener 

Lemma applied to 71 {I\ ) we get a family of disjoint balls F\ = (fi^^.^ri^))^^ such 
that 

xm-ln Af V°l m \ a \t\ r 

jeJi jeJi jB -nWl r i,tj) 
which gives 10(^§^)™ ^ Zi < s^J2 je .h I Byi{tj) (r lt .) l^ 1 - N «te also that the 
balls of the family Ti U T2 are disjoint. 

If d H (AU lo ([0, /o])U 7 i([0, h]),M) < 10(^r)^, we set T = 7o ([0, / ])U 7 i([0, h]). 
Note that T is a geodesic tree (if 71 (Zi) G 7o([0, Zi])) or the disjoint union of 2 geodesic 
trees. 

If d H (AUj ([0,lo)) Uti([0,Ii]) } M) > 10( V °j(m} A )"' then b y iteration of what was 
made for 27, 71 and J 7 !, we construct a family (xj)j of points, a family (7j)j of geodesies 
and a family of sets of disjoint balls. Since the (xj)j are 10( ^7^^ ) "* -separated 

in M and since M is compact, the families are finite and only a finite step of iterations 
can be made. The set T = Uj7,-([0, lj]) is the disjoint union of a finite set of finite 
geodesic trees and we have 

(4-i) '(tk^ee/ f i H r^A( J H i" 

d j kej/^j)^) 6 Jm \ a 

Moreover, the connected parts of T are geodesic trees whose number is bounded above 
by A — J mA iHp- 1 . □ 

4.2. Proof of Theorem 11.11 We begin the proof by the case where J M |H| m_1 ^ A. 
By Topping's upper bound on the diameter [14J and Blaschke selection theorem, the 
sequence converges, in Hausdorff topology, to a closed, connected limit set M^, 
which contains Z. 

It just remain to prove that mi(M 00 \ Z) ^ C(m)A. Let I G N* fixed. We set 
Z r = {x G d(x,Z) ^ r}. By the Michael-Simon Sobolev inequality applied to 

a constant function, we have (VolM^.)™ ^ C(m) J M |H| m_1 . By weak convergence 
of (Mfc)/; to Z, we have lim^ Vol (M^ \ Z 1 / 2 £)/Vol (M^) = and by Lemma 14.11 there 
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exists a finite union of geodesic trees T| such that lim^ du ((M& n Zi/^p) U T%, Mx)) = 
and l(Tfc) C (m) fj^ k \z 1 3i |H| m_1 for any fc. Moreover, by construction of the part 

T in the proof of Lemma 14.11 each connected part of Tl is a geodesic tree intersecting 
Zi/3g, and by Inequality (|4.ip . the number of such component leaving Z 2 /3£ is bounded 
above by 3£C(m) fM k \z 13t |H| m • We can assume that this number is constant up 

to a subsequence. Their union forms a sequence of compact sets (T|) which, up to a 
subsequence, converges to a set Y that contains M 00 \Zx/£. By lower semi-continuity of 
the mi-measure for sequence of trees (see Theorem 3.18 in [7]), we get that mi (Moo \ 
Z yi ) ^ liminf fc Z(f|) s$ C(m) liming I Mk \ ZyM \R\ m ~ l ■ Since M^\Z = U^M^ \ 

Zyi, we get the result. So M m = Z U T with T a 1-dimensional subset of M n+1 of 
measure less than C(m) liming Jjvf fc \z |H| m_1 sS C(m)A 
In the case J M |H| P ^ A with p > m — 1, we have 



. Vol Mu \ Z] lop , p-m+l 

m-1 ^ / K N V»\ ,,■ , n m-1 



■ , m _! , VfM v VolMJlHIl" 

So the weak convergence to Z implies that mi(M 00 \ Zi/ S p) = for any Since 
Mxi \ ^i/3£ 7^ implies mi (Moo \ ^) ^ l/3£ by what precedes, we get Moo C Z, hence 
Moo = Z. 

For the proof of Theorems 11.61 and 11.71 we can assume that X(Mk) = and ||H||2 = 
1 ^ ||H|| P by scaling. Hence we have vmJ|H||™ _1 ^ vmJ|H||™ ^ A and S*M fe = § n for 
any k. Inequality ()1.4[) and Lemma 14.11 give the Theorems. 



5. Proof of Theorem 11.21 

We first prove a weak version of Theorem ll.2l where the set T is a segment [xq, xq+Iu\ 
with xq 6 Mi and v a normal vector to Mi at xq. 
Adding of a segment and estimates on the curvature 

We take off a small ball of M2 and instead we glue smoothly a curved cylinder 
along one of its boundary and which is isometric to the product [0, 1] x ^j§ m_1 at the 
neighbourhood of its other boundary component. 




We note Hi the resulting submanifold and H e = eH\. Let c : [0,/] — > M + be a 
C 1 positive function, constant equal to at the neighbourhoods of and I, T Cj£ be 
a cylinder of revolution isometric to {(£, u) G [0,/] x M m /|u| = ec(t)} and J\ be a 
cylinder of revolution isometric to [0, 1/4] x -^S"^ 1 at the neighbourhood of one of its 
boundary component and isometric to the flat annulus Bq(jq) \ Bq(^) C W 71 ) at the 
neighbourhood of its other boundary component. Note that in this paper we will only 
use the case c = but the general case will be used in [2J. We also set J £ = sJ\ and 
N C;E the submanifold obtained by gluing H £ , T Cj£ and J £ . 




H, T u J, 
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Since the second fundamental form of T Cj£ is given by \B\ Z = ( 1+ ( ec /)S)3 + £ a c 3(7+( gc /)2) > we 
have |B| a cfo = a{H x , Ji)e m - a +VolS m - 1 e m - 1 - a (m-l)t c" l - 1 - a +O c , a (e TO+1 -° , ) J 
where a(H\, J\) is a constant that depends only on i?i and Ji (not on c, Z and e). 

We set Mf the submanifold of R n+1 obtained by flattening M\ at the neighbourhood 
of a point xq G Mi and taking out a ball centred at xq and of radius Mi is locally 
equal to {x + w + f(w), w G S (e ) C T Z0 Mi} where / : B (e ) C T X0 Mi -»• A^Mi is 
a smooth function and N X0 M\ is the normal bundle Mi at xo- Let y : — > [0, 1] be 
a smooth function such that <p = on [0, ^] and <p = 1 on [^p, +oo). We set Mf the 
submanifold obtained by replacing the subset {xo + w + /(to), id 6 5o(£o) C T Xo M\] 
by {xo + w + Mw), w G i?o(eo)\ J Bo(3e/10) C T Xo Mi}, with f £ (w) = f( lfi (^M)w) for 
any e 3eo/2- Note that Mf is a smooth deformation of Mi in a neighbourhood of xq 
and its boundary has a neighbourhood isometric to a flat annulus Bq(e/3) \ Bo(3e/W) 
in M m . Note that for e small enough, M^ \ {x G Mf/d(x,dMf) ^ 8e} is a subset of 
Mi. This fact will be used below. As a graph of a function, the curvatures of Mf at 
the neighbourhood of xq are given by the formulae 

m n+1 

l B -| 2= E E DtV P (ei,e k )D4F q (e j ,e l )H i *H k > l (?>>* 

i,j,k,l=l p,q=m+l 
_. n+1 m 

H £ = - V y^Ddf^e^H^G^iVfi-et) 

k,l=m+l i,j=l 

where (ei, • • • , e m ) is an ONB of T X0 M\, (e m+ i, • • • , e n+ i) an ONB of A^Mi, f e (w) = 
Y!l=m+i fi( w ) e ii G ki = Ski + (V/jfc,V/i) and = 4; + {df e (e k ),df £ (ei)). Now / e 
converges in C°° norm to / on any compact subset of Bq(eo) \ {0}, while |eZ/ £ | and 
\Ddf e \ remain uniformly bounded on Bq(eo) when e tends to 0. By the Lebesgue 
convergence theorem, we have 

\R e \ a dv^ [ \B\ a dv [ \B e \ a dv — > [ \B\ a dv 

I M{ J Mi J M( J M\ 

We set M £ the m-submanifold of M n+1 obtained by gluing Mf and N C£ along their 
boundaries in a fixed direction v G N X0 M\. Note that M £ is a smooth immersion of 
Mi#M 2 . 




By the computations above, we get the announced limits 1), 2) and 4) for the sequence 
i fc (Mi#M 2 ) = Mi as k tends to oo. 
Computation of the spectrum 

We will adapt the method developed by C.Anne in [4j. We set (Xk)keN the spectrum 
with multiplicities obtained by union the spectrum of Mi and of the spectrum Sp(P c ) 
of the operator P(f) = —f" — (m — 1)— /' on [0,1] with Dirichlet condition at and 
Neumann condition at Z. We denote by (/J-k)k&n the eigenvalues of Mi counted with 
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multiplicities and by (-Pfc)fceN a L 2 -ONB of eigenfunctions of M\. We set (u k , h k )k&n and 
(A|, /|)fcgN the corresponding data on ([0, 1], c n ~ 1 (t) dt) and M £ . We set h £ k the function 
on M £ obtained by considering h k as a function on the cylinder T Cj£ , extending it 
continuously by on J £ and Mf , and by ftfc(Z) on i? e . We also set P k the function on M £ 
which is equal to ip £ (d(dMf, -))P k on Mf (with ^ 6 (t) = when t < 8e, Vfc(f) = -^(Vij' 
when i G [8e, y/e\ and ^(i) = 1 otherwise) and is extended by outside Mf. Using 
the family (h k ,P k ) as test functions, the min-max principle easily gives us 

(5.1) A|<A fc (l + r(e|A;,n ) c ) Mi)) 

For any k G N, we set a fc = lim inf e _> A| , ^g(jc) = e^(/fc)|H e uJ £ ( ea:: )) seen as a 
function on i^iUJi, <p k£ (t,x) = e — a - (f k )^ T (t,ec(t)x) seen as a function on [0,/]xS m_1 

(3) 

and ip k£ the function on Mi equal to /| on {x G Mf/d(x,dMf) ^ 8e} and extended 
harmonically to Mi. 

Easy computations give us 

(5.2) 



/ i^i 2 =/ i/ii 2 , / wf/ = e 2 \ m 

JHiUJi JH e UJ e JHrVJJx JH £ UJ E 

(5.3) 



T, 



\fk\ 2 = / (/ W k %u)\ 2 du)^TTWWc m -\t)dt, 

JO JS" 1 - 1 

(5.4) 

Kf£ ,2 f l \ c™- 1 f Ml 2 yi+e^c'yc- 1 r (2)2 



The argument of C. Anne in [1] (or of Rauch and Taylor in [10J) can be adapted to get 
that there exists a constant C{M\) such that ||^ ell-ffH-Mi) ^ ^ll/llli^fMe)- Since we 
have \\fl\\ H \M e ) = 1 + (ED) gi ves us II Vk'e Hff 1 (Mi) < C(k,Mi,l) fore < e O,Afi,0- 
We infer that for any k G N there is a subsequence (p k £ which weakly converges to 
f k G H 1 (Mi) and strongly in L 2 (Mi) and such that liim. A? 1 = a.)-. By definitions of 

(3) ~(3) 

Mf and ip k £ , and since Cq°(Mi \ {xq}) is dense in C°°(Mi), it is easy to see that f k 



(3) ~(3) 

is a distributional (hence a strong) solution to Af k = a k f k on Mi (see [13], p. 206). 

In particular, either ft is or a k is an eigenvalue of M\. 

By the same compactness argument, there exists a subsequence which weakly 

converges to /£ in H l (H\ U Ji) and strongly in L 2 (H\ U Ji). By Equalities (|5.2p . we 

get that 11^/^11^2^) = and so f k is constant on H\ and on J\ and 92^. strongly 

converges to f k in H l (H\ U Ji). Let 77 : [0, 10] — > [0, 1] be a smooth function such 
that r](x) = 1 for any x ^ 1/2, ?y(x) = for any x ^ 1 and |r/| $C 4. We set s e the 
distance function to dS £ = {0} x ^jS m_1 in S £ = Mf U J £ and 6 £ the volume density 
of S £ in normal coordinate to dS £ . We set L the distance between the two boundary 
components of J\. By construction of S £ , we have f^ ^ #e(se, w) = 6i(s £ /e) ^ 1 for any 
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s £ G [0,Le] and any u normal to dS £ , and c(Mi)(f ) m " 1 ^ # e (s £ ,u) > ^^(f)" 1 " 1 
for s e G [eL,8e]. Hence, if we denote by Sgs e (r) the set of points in S e at distance r 
from dS e , we get for any r ^ 8 + L that 



/ (^) 2 =/ (/ -^-[r,(-)f k (;u))ds e ) 2 e e (re,u)du 

Js aSE {er) J^S™- 1 Ver OS e J 



^Qm— 1 
_m— 1 /• , /•! 



(5-5) / (/D^cCMOH/IH^^Ilnel 

■/Sas e («0 

which gives us £i J aSs Xf^) 2 = f dSl (^k,lj 2 ~> IdSi^fk) 2 = ( b y the trace inequality 

and the compactness of the trace operator) and so is null on J\. 

By (|5.4p . and since c is positive and C 1 on [0,/], there exists a subsequence 

which converges weakly to f {2) in ^([0,1] x S™- 1 ) and strongly in L 2 ([0,l] x S" 1 " 1 ). 

By the trace inequality applied on [0,1] x S m_1 , we also have that \\<p^l. ||L 2 ({«}x§ m - 1 ) 
is bounded. Now, since 



we get that fj^ = on H\. 

We set /ij(t) = /§ m -i ^.(i)^)^ and /i(i) = Jg TO _i fj?\t,x)dx, we have /i, /i, 6 

i7 1 ([0,/]) (with ft£(t) = /§m-i g fc f ft; x)da), hi ^ h strongly in L 2 ([0,Z]) and weakly 
in ^([0, Z]). For any tp G C°°([0,Z]) with ^(0) = and = 0, seen as a function on 
T C)£ and extended by to S £ and by to ff £ , we have 

ti(^c m - x )'dt- (m- 1) f h'-^c m - l dt= [ 1 ti^'c m - x dt 

Jo c Jo 



lim / / l ' i (tty/(t)- ? ^^=dt = liin / e. 2 <d/ fc £ \ #) = lim / 2 A£/*^ 



a k hm( / ^ m -yi + £ ?((/) 2 + me- T / / fc £l ) 

a k [ h^c m ~ l dt 



where we have used that e i 2 | J H /|*| ^ \f£~i\ /Vol (-f^i) {f k % ) 2 - Since c is positive, 
we get that h is a weak solution to y" + (m — T)—y' + o^y = on [0,/] and that 
h'(l) = 0. Since we have W^ 1 J ds Jf k ') 2 = f^m-^) 2 ^ I {0}xS ^ (if) 2 
(by compactness of the trace operator) and J dS (f^) 2 — > by f|5.5[t . we get |/i(0)| 2 ^ 
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VolS m 1 J{o} x §'"-i(/f') 2 = 0) an d so h(0) = 0. Since d^m-itp^. converges weakly to 
rf§™-i/i 2) in L 2 ([0,l} x S™" 1 ), Inequality ([531) gives ||<Zs™-i/fc llz^cyjxS*"- 1 ) = °> Le - 
/f is constant on almost every sphere {£} x § m_1 of [0, Z] x S m_1 . We infer that 

is equal to Vol gm-i h seen as a function on [0, 1] x S m_1 and so, either ff® = or at is 
an eigenvalue of P c for the Dirichlet condition at and the Neumann condition at Z. 
To conclude, we have 



if/f } + / if if ^ 

Mi ^[0,/]xS m - 1 

1 7 Mi iJiU^i ^[0,J]xS™-! V 

lim / / fc e 7^-lim/ /, /, % • lii" / , 

4 iM e . 1 JM^nBfflM^Sei) 1 JMi\ (m^B^M^ ,8ej)j 



(3) (3) ~(3) 

where, in the last equality, we have used that <f>\ £ , and <^ £ converge strongly to 4 

and // 3) in L 2 (Mi), that Vol (Mi \ (M^ \ B{dMl% 8e;)) tends to with e i; and the 
inequality 



Ml l nB(8Ml\8£i) 



which is obtained by integration of Inequality (|5.5p with respect on r £ [L,L + 8]. Note 
that we need the inclusion Hence, by the min-max principle, we have ^ for any 
k 6 N. We conclude that lim e _>.o Afc(M e ) = A/% for any k G N. Note that in the case 
c = jq, the spectrum of P c with Dirichlet condition at and Neumann condition at / 

is{^-(/c + i) 2 , A; G N} with all the multiplicities equal to 1. 
End of the proof of Theorem 11.21 

In the sequence of immersions constructed above we have all the properties announced 
for T = [xq, xo + lu], except the point 3) since all the eigenvalues of [0, Z] appear in the 
spectrum of the limit. To get the result for T = [xo, xo + Z^], we fix k £ N and Z& small 
enough such that Ai([0, Ik]) > 2k and with l/l^ G N. We then consider an immersion of 

Ni = Mi#S m such that cZ ff (Mi U [x , x + l k v], iVi) s$ 2~S |Ap(JVi) - X p (Mi)\ ^ 2~^ 
for any p such that A p (Mi) ^ k (it is possible for this choice of Z& according to the weak 

version of the theorem proved above) and the same for the point 4) and 2) of the theorem 

i_ 

(equality up to an error bounded by 2 We now iterate the procedure to get a 

sequence of f immersions N 2 = iV x #S m , • • • , Nt , = N ± _ 9 #E m , N ± = N i ,#M 2 
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such that 



d H {Ni, Mi U [x Q , x + ilkv]) < »2 ! * , | Vol iV m \ JV<| < 2 l k Vol Mi 
/ iBl^nr <2~^ f |H|^nr, 

JN i+1 \Ni J Ah 

IBI" 1 " 1 - YdS"* -1 /*! 2~^ / IBI" 1 - 1 



A^+ATV, ./Mi 

IHr^-VolS^f^— -r _1 kl 2 _7 T / IITI 



n x+1 \n, m J Mi 

i_ i 

\X p (Ni) — X p (N i+ i)\ < 2 for any i < 1 and any p < iV. 



The sequence ifc(Mi#M2) = iV_i_ satisfies Theorem 11.21 for T = [xo + Zi>]. 

In the procedure to get the theorem for T = [xq,xo + Zi/] from its weak version, we 
add at each step the new small cylinder T e j N along the same axis xo + M+za This can 
be easily generalized to get the lemma for T = UjTj any finite union of finite trees, 
each intersecting Mi, and such that X^?. m i(^) ^ ^ Finally, if T is a closed subset 
such that mi(T) ^ C(m) J \H\ m ~ 1 and Mi U T is connected, then each connected 
component of T intersects M\. Arguing as in the proof of Theorem 11.11 we get that 
T has only a finite number of connected component leaving (Mi)i. Since any closed, 

h 

connected Fi C W l+1 with mi(-Fj) finite can be approximated in Hausdorff distance by 
a sequence of finite trees Tj ^ (such that mi(T^) — >^ m\{Fi) see [7]), by the same kind 
of diagonal procedure, Theorem ll.il is obtained for any T with finite mi(T). In the case 
mi(T) = oo then the L m_1 control of the curvature in condition 2) are automatically 
satisfied and the other conditions are fulfilled as above by approximating Mi U T by a 
finite number of finite trees. Finally, if Mi U T is not bounded, then we replace it by 
((Mi U T) n Bo(k)j U kS n , which is closed, connected and bounded. We then get the 
result in its whole generality by a diagonal procedure. 
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